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SEPARATION OF CONTACTING SURFACES
IN THERMOELASTIC INTERACTION OF TWO CYLINDERS
WITH TIME-DEPENDENT HEAT RELEASE DUE TO FRICTION

P. P. Krasnyuk UDC 539.3

The problem of a thermoelastic interaction of two cylinders with separation of their contact surfaces
due to local loading of lateral surfaces is formulated and solved. The effect of the multiply connected
contact region is shown to exist under a certain relation between the linear thermal expansion coef-
ficients of the bodies.

Key words: contact interaction, cylinder, heat release due to friction, nonstationary temperature,
separation of contact surfaces.

The contact problem of two interacting hollow cylinders tightly inserted one into the other and compressed
by a load varied along the tribosystem axis was considered in [1] in the axisymmetric formulation. Investigations
into the solution of this problem performed under the assumption of an intimate contact of the cylinders over their
entire surface proved that a load localized within a certain interval can change the sign of the contact stress and,
therefore, give rise to separation zones whose size increases with increasing heat-release intensity, provided that the
thermal expansion coefficient of the inner cylinder is smaller compared to that of the outer cylinder. As the thermal
expansion coefficient of the outer cylinder decreases, simple connectedness of the load-application region no longer
guarantees simple connectedness of the loaded contact region.

Mathematical Formulation of the Problem and Solution Construction. The condition of existence
of separation zones requires the following modification of the problem formulation proposed in [1]: since a loaded
contact zone, a separation zone, and an unloaded contact zone can be identified on the contact surface, individual
thermophysical conditions must be set in each of these zones. In particular, the following conditions must be fulfilled

at r = ag:

— in the loaded contact zone, heat-release condition and the condition of an imperfect thermal contact
MO Ty — X0, Ty = fw(T)aop(z,7); (1)
)\18TT1 + )\QOTTQ + ha(Tl - TQ) = 0; (2)

— in the unloaded contact zone, conditions of an imperfect thermal contact with another value of the thermal
conductivity coeflicient

MO T = X0, To = —ho(Ty — Ts); (3)
— in the separation zone, depending on the chosen model, either the heat insulation conditions on the surfaces
8, Ty = 0, Ty = 0, (4)
or the conditions of an imperfect thermal contact through an interlayer

MO T = X0, Ty = —hy(Th — To). (5)
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The mechanical conditions at the surface r = ag in the unloaded contact zone are the postulated equality of the
radial stresses and displacements and the condition of zero shear stress

aﬁl) = 052) = —p(z,7), Uy = uz, Trg) = Tr(g) =0. (6)

In the separation zone and in the unloaded contact zone, conditions of zero radial and shear stresses are applied:
1 2 1 2
=0 =0, 4D =r =0 @

Here, the boundaries between the zones are initially unknown and should be found during the solution construction.
Mathematically, the problem reduces to integration of a system that includes the following differential

equations:

— heat-conduction equation

BTy +r710.T; + 02T; = k10, Ty;
— equation of equilibrium
Ao 4771 (ol) — aéj)) +0,79 =0, 87D +r7 119 49,09 =0;
— equation of strain consistency
0,eS) 41 — ) =0, ro2e) +0,e9) = 9,49,
— the Hooke’s law relations

Eie® =00 (0§ + 09 + Bja; Ty, Ejed) = o) —vi(09) + 00)) + Eja,Ty,

EjeY) =09 —vj(69 + 05) + Eja,T;, B =201 +v)rd  (j=1,2).

Tz Tz

The initial conditions are
T;(r,z,0) = 0;
the boundary conditions are

r=aj: o1 =T, oM =—q(z71), =0,

s

T = asz: aTTZ = _72T27 Uq(?) = —QQ(Z,T), Tvg) =0

and contact conditions are (1)—(7).
Hereinafter, r and z are the radial and axial coordinates, 7 is the time, p(z,7) is the contact pressure,
¢;(z,7) is the external load on noncontacting surfaces of the tribosystem, w(7) is the relative angular velocity of

revolution, Tj is the temperature, a,(,j ), aéj ), and 09 ) are the radial, circumferential, and axial normal pressures,

respectively, r,@ is the shear stress, sgj ), 5(9j ), and s,(zj ) are the radial, tangent, and axial linear strains, respectively,

’yﬂ) is the shear strain, uﬁj ) is the radial displacement, F; is Young’s modulus, v;, A;, k;, and «; are Poisson’s
ratio, the thermal conductivity, thermal diffusivity, and linear expansion coefficient, respectively, v; = &;/\;, &; is
the heat-transfer coefficient, f is the friction coeflicient, h,, hy, and h. are the thermal conductivities of the three
zones on the contact surface, r = a; and r = ay are the outer surfaces of the inner and outer cylinders, respectively,
and r = ag is the contact surface in the unloaded system; j = 1 and j = 2 refer to the inner and outer cylinders,
respectively.

We reduce the posed problem to a system of integral equations for the contact pressure p(z,7) and two
functions f;(z,7) (j = 1,2) proportional to the heat fluxes at the contact surface:

filz, 1) = (—1)3‘_18,.Tj(a07 2,7T).

Using relations (2.2), (2.4), (2.7), and (2.11) from [1], we write the following expression for the temperature of the
cylinders:

1 T o0
Ty(r2r) = 200 [ [ 5m @0t =27 ) dedn,
0 —oco
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Here

oo

_ W T, ao) W ma0, jma
<I>j(7“,z77') = /(I)j,st(ra f) Cob(fz) dé ¥ §a0 Z s 'qu MJW/: ) NOQ(MJ’ 08 o)
0 m=1 J,m
k Z
Z )" t1,mz) erfe (Mj,m kjT+ (1) oW );
=1 3T

B, (r€) =+ Io(§r) (€K1 (8a;) +;K0(8a;)) + Ko(§r) (€11 (8a;) F vilo(€a;))
Bt ¢ I(8ao) (€K1 (Eay) £, Ko(€ay)) — Ki(8ao) (€11 (€ay) F vTo(Eay))’

Wo(z,y) = Jo(x)Y1(y) — Yo(z)J1(y);  Wi(z,y) = Ji(x)Y1(y) — Yi(z)J1(y);

NZ, = agW5 (1m0, 1g.ma0) — a3 (1477 15 2 )W (1.m ;s fhjm o).
Here, I,(z) and K, (z) are the modified Bessel functions of the first and second kind of order v, J,(z) and Y, (z) are

the Bessel functions of the first and second kind of order v, and erfc (z) is the error function [2]. The eigenvalues (1} .,
are the roots of the transcendental equation

1iWilpjas, piao) & v;Wo(pjas, piae) = 0.
The upper and lower signs in the combinations £ and F refer to the inner cylinder (j = 1) and to the outer
cylinder (j = 2), respectively.
We invert the Fourier transform of the integral representation of radial displacements on the contact surface
of the cylinders (see relation (2.15) in [1]) obtained with stresses set at the boundaries of the cylinders; for r = aq,
we write the following expression:

. 1—12 a0 T
ul (ag, 2,7) = Ejj<?0 /p(t,T)Al(aj,t—z)dt

~ 5 //q]tr exp(zﬁ(t—z))Ag(aJ,f)dtdg //fjtn (t—z,7—n)dtdn.

—00 —00 0 —oo

Here,

aj,

Aq(aj,€) cos (£z) dé; H;(z / 5st(€) + Hjo(&, 7)) cos (£2) d;
0

Hjo(§) = (1= )¢ [As(ay,8) 0P se(as, &) F (Ar(a;,€) — (1 —v;) N

_ W, m@0s [j,ma
Hj’o(g,’r) = :|:2(].+Vj)a0 Z 0(:“’](52 j_’l/jj )0) [52(A1(a],§)a0W0(,u] mao, [y, mao)
m=1 J’m J,m

— Ag(az, £)a;Wo(ttjmaj, 1t5,ma0)) + As(a, €)1t m Wi (1jmas, pjmao) | exp (—k; (€2 + 115 ,,)7);
Ajla &) = Aj(ag, €)Aq H(ay,);
Aolaj, &) =4(1 —vj) + a2€® + ad€® + (2(1 — ;) + a2€%) (2(1 — vj) + ad&?)
x [I(a;8) K1(ao€) — T (ao€) K1 (a;€)]* — a36%(2(1 — v)) + agé?)
x [Io(a;€) K1 (ao€) + I (ao) Ko(a;€)]* — age?(2(1 — vj) + aj€?)

x [I(a;€)Ko(aof) + Io(ao€) K1(a;€)]” + ajagé* [Io(a;€) Ko(aof) — Io(aot) Ko(a;€)];
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Aq(a;,§) =2 [1 +(2(1—vj) + a}€) L1 (a;€) K1 (aof) — I (ao€) K1 (a;8)]* — a3€3[Io(a;€) Ki(ao) +Il(a0§)K0(aj§)]2} ;

As(aj, &) = 2a0¢[11 (a;€) Ko(aof) + Io(ao€) K1 (a;€)] — 2a;€[1o(a;€) Ki(aof) + I (ao€) Ko(a;€)];

As(a;, &) = 2[(2(1 =) + a3 (a;€) Ki(aof) — I1(aoé) K1 (a;€)] — ajaot®[Io(a;€) Ko(aof) — Io(aoﬁ)Ko(ajf)]]

To find the unknown contact pressure p(z,7) and the functions f;(z,7), we use the thermophysical contact
conditions (1)—(5) and the condition of equality for displacements in (6); with these conditions fulfilled, we obtain
the following systems of equations:

— in the loaded contact zone,

Af1(z,7) + A fa(z,7) = fw(T)aop(z,7),

2 T o0
Z(l)kl[)\kfk(Z»T)Jr}:ar/ / fe(t,n) @r(ao, t — 2,7 —n) dtdﬂ] =0,

k=1 0 —©
o0 2
aoE 1—102 apE
22 [ pe [0 At - ]dt+z Ji Ok 067//fktnﬂk<t—zr— n) dt dn
e k=1 k=1 ) o

1 —v? aiE 7T
=3 (-1)k T B0 / / q;(t,7) exp (i€(t — 2))Ag(ay, €) di dE,
k=1 —00 —00
where Eg = (2((1 — v})/E1+ (1 —v3)/E2))~L;

— in the unloaded contact zone,

2 T 00
] .
A f] zZ, 7' Z k+j;8-r/ / fk(t?n) ‘I)k(a07t—2,7—77> dtdn =0 (j = 1a2)> p(Z T) 07 (8)
k=1 0 —oco

— in the separation zone, depending on the chosen model or condition either the condition

f1(277—) = f2(z77—) Zp(Z,T) =0,

or conditions of type (8) with h. replaced by hy. Here, as was noted above, the boundaries between the contact
zones are initially unknown.

Definition and Construction of the Numerical Algorithm. To construct the solution of such a system
of equations, we propose a numerical algorithm that involves the results of [1] and some specific properties of the
above-obtained functions (it can be stated that ®;(r,z,0) = 0 and H;(z,0) = 0).

We divide the time interval [0, 7..] in which the behavior of the tribosystem is examined into N segments by
choosing the times 7; = iy (¢ =0,..., N), where 7,y = 7%, and perform time discretization of the integrals

) T oo
F(ZaT) =—0; f(tﬂl)‘l’(t — 2T = 77) dtd?? [(I)(Z’O) = 0]
|

by the scheme
F(z,0) =0, F(z,71)=0.5G(z,71,1)+ 0.25G(2,70,2),

F(z,m) =0.5G(z,72,1) + 0.5G(z,1,2) + 0.25(G(2,70,3) — G(2,70,1)),
F(z,7,) =0.5G(z,Tp,1) + 0.5G(2, Th—1,2)

+0.5) (G2, Tknt1-k) — G(2,Thm-1-k)) + 0.25(G(2, Tons1) — G(z,70m-1))  (n > 3).
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Here

1
G(z, 7 ;) /ftﬂ (t —z,7j)dt.
7r

Then, we obtain the following systems of equations for each time 7; (¢ =0,..., N):
— in the loaded contact zone,

M fi(z, ) + Aafalz, i) = fw(mi)aop(z, i),

2 °0 2
ha
>0 e + 5 / St ) ilag,t = 2,71) dt] = ha D (=1)* Ri(ao, 2,7), (9)
k=1 e k=1
aOEO / (t,7; {Z V’f Al(ak,t—z)] dt
oo k=1
2 « E 2 1—v2 ai,E,
k kL0 kLt — VYV G0
— t 7 H t— dt = —1)F—=
+3o /fk RH(t =) dt = 3 (-

/ / 0kt 75) B a, €) exp <z&<tfz>>dtds+EoZ g Ry (2,7

— 00 —O0

— in the unloaded contact zone,

2 o0 2
o1 -
A filz,7i) +hcg_:(—1)’“+ﬂ% / fr(t, 1) ®p(ao, t — z,7) dt = hc;(—mﬂ 'R, (ag, z,7i),
-1 e =1 (10)
p(z,7i) = 0;
— in the separation zone,
fi(z, 1) = fa(2,7) = p(2,7) = 0. (11)

Here
R} (r,2,0) = 0; Ry (r,z,71) = 0.25G(r, 2,70 2);

R (r,z,72) = 0.5G)(r, 2, 71.2) + 0.25(G},.(r, 2,70.3) — Gi(r,2,70.1));
Ry (r,2,7n) = 0.5G(r, 2, Tn_1.2) + O.SHi2 (G;C(r, 2, Tomt1—e) — G (7, Z,Tgwn,1,[)>
=1
+ 0-25(G;€(7’,Z77—O,n+1) — G;c(rvszO,n—l)) (n > 3);
Gi(r, 2,7 ) / fr(t, 1) @r(r,t — 2,75) dt;
the function Ry is defined similarly to Ry, if
Gi(z,7ij) / fu(t, 7)) Hi(t — z,75) dt.

For the temperature, we have the relation

Ti(r,z,7) = /fjtn ot —z,m)dt + Ri(r, 2, 7).
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We consider the properties of the kernels A(a;,2), H;(z,7), and ®;(r, z,7). Since

- _, /a3 +ag
Aia;,0) = (1 =) (=3 +v;),
aj — ag

®,;(r,0,7) = ap(£In(r/a;) + (aj'yj)_l)

Wo(ttj,m?, 145 mao)Wo(u m00, Lj,m0)
F 2a9 Z = = ,U 2 = = exp (_ij?,mT)v

2
] 1
H;(0,7) = #ag | "0 I (2) — 0.5+ ——

a5 —aj  \a; a;;
- Wl(:uf,maﬁ,u 7ma0)WO(M ,maOaM’,mQO) 9
D B exp (~k1i2,,7)|.
J m=1 ymi—g,m
and, as & — o0,
Ai(aj, &) =~ F2(ao€) ™", Bi(r,&7) & O (r, &) = £ ao/r exp (F&(ag — 1)),

Hy(&,7) ~ Hjst(§) = £(1+ 1)/ (7> 0),
then, based on the results obtained in [3], we can argue that the kernels

oo

/ ) cos(€z) d€ = aoEO/ {i Vk Al(ak,f)} cos (€z) d¢
0

0 k=1

and ®; s (ag, z) have a logarithmic singularity, whereas the kernels H;(§,7) and ®;(r,2) (at r # ap) are regular.
Then,

A1
A(z) = Ko(|z]) / )cos (€2)d§ —1In (2A1) (z=0),
0
] A
H(z,7) = O/Hj(g, 7)cos (€2) dé + (1 + vy) COS§J7J22'2*+|z|(sl( sl = 2]

®; t(ag, z) = Ko(|z]) + t(a0,&) cos (£2) d€ —1In (2);3) (z=0),

o\

>

7,3
Djsi(ao, z) = Ko(lz]) + / t(a0, §) cos (£2) d§ — Ci(Ajslz]) — Ko(lz]) (2 #0),
0
)\] 3
D, (1, 2) / ) cos (£2) d§+ 1/ ZEl +);3(ap — 7+ (—1)*71iz)) (r # ap),
0
where i2 = —1, Si(z) and Ci(z) are the integral sine and cosine; F;(z) is the integral exponential [2]. We take into

account that Ko(z) ~In(2/z) — v as z — 0 (v is the Euler constant) [2].
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The integration boundaries A;  were chosen so that the integrands in the Fourier integrals over the intervals
(Aj k,00) could be replaced by their asymptotic expressions. We find the values of the integrals over the intervals
[0, A} %] by numerical integration, using the Filon method [4].

We represent the right side of the third integral equation in (9) as

S E R [ () Baen exp (¢ - 2) dr

k=1

— 00 —0O0

o 1-— I/22 2a2E0

T2 S22 g(r) o(L + ) + (L 2),

A4 _ _
_ [ Bafaz,€) — As(an,0)
Io(z) = / : (62) d¢

0

2
2(az — ao) )i k,;

Ei1(Aa(ag — ap + (—1)"%i2)).
“ijaag kz::l ( (—=1)"i2))
The inner surface of the tribosystem is free of stresses, and the load on the outer surface is a function symmetric
about the plane z = 0, which varies according to the law

Q1(Z,7') :05 q2(Z7T) :q(T)H(L_ |Z|)
[H (z) is the Heaviside function]. Here, we take into account that the kernel Ay (az, &) has the following properties:

~ 4((12 - CLQ)
—_— A oo N ———— - — .
T~ ad-a 2(a2, §)le—oo N exp (—¢(az2 — ao))
An analysis of system (9)—(11) shows that p(z, 7) at any time 7, (k =0, ..., N) is a bounded and continuous
function and f;(z, 7%) is a bounded function that has a limited number of local extrema and first-kind discontinuity

points; in other words, these functions satisfy the Dirichlet conditions [5]. We take into account that the loading

=+ AQ(Q27 ) Sl ()\42’)

_ 1 2
As(as,0) = doaz

symmetry guaranties the symmetry of the solution and, in particular, the symmetry of the contact pressure and
the functions f;(z, i) relative to the plane z = 0; then, we represent these functions in the domain z € [0,00) as
truncated series in generalized Laguerre polynomials [6]:

p(z,m) = P2 Z B (1) L1 (22),

(12)

M
fi(z, ) = eXPTZCv (1) L2 (22).

We substitute expressions (12) into system (9)—(11) to subsequently pass from integrals over the interval
(—o0,00) to integrals over the interval [0, c0), using the following scheme [¢(—z,7) = (2, 7)]:

/ Ot )t — 2, 74) dt = /w(t,Tk)(\IJ(t ) 4 Ut 4 2, m)) .
oo 0

By means of the relations [7]

1 T exp(—y) e 7 2m -1 1
[ S e - V5 B e i e
(=nt=ot=1, 2m-1)N=1-3---(2m—-1), (Cm)!=2-4.--(2m)),

the integrals with a logarithmic singularity can be calculated exactly, and the regular integrals can be found
approximately using the quadrature formula [§]
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M+1

[ep-a) o RA
o/ﬁ f@yde = 3 wif(w),

=1
where
VT(@2M + )
(2M + 2)N((M + 2) L8157 ()2

are the weighting coefficients and x; are the zeroes of the Laguerre polynomial L%;Jlr/lz) (),i=1,....,.M +1.

To find the unknown coefficients B,, (1) and C; (%), we apply, at each time 7y, the collocation method [9],
selecting a set of (generally not equidistant) points z,, (m = 0,...,M). Then, the system reduces to a system
of linear algebraic equations of dimension [3(M + 1) x 3(M + 1)] for the unknown coefficients that define the
distribution of the contact pressure and the variation of the functions f; along the z axis at that time. Here, the
following remarks have to be made.

Remark 1. The expansion coefficients are calculated in several stages.

First, we consider only system (9) of integral equations on the chosen set of points. We solve the resultant
system of linear algebraic equations, find the distribution of the contact pressure, and check if the conditions
P(2m, i) = 0 are fulfilled.

Then, at the points z,, where the contact pressure is negative, we satisfy conditions (11) or conditions of
type (10) with h. substituted by hy. The beginning of the unloaded contact zone (point z,,,) can be found from
the condition |p(2m, T)| < € (¢ ~ 107°) for all values mo < m < M. At the points z,, of this zone, conditions (10)
are satisfied. This procedure is repeated until the contact pressure reverses its sign.

Remark 2. The possibility of neglecting the solution of the system over the interval [z, 00) is based on the
fact that the contact pressure and temperature vanish rather rapidly [1]. At a distance of 10L (L is the parameter
that defines the interval of application of the uniformly distributed load), these quantities differ little from zero. It
should be noted that discontinuous functions f;(z, 7%) are approximated here; for this reason, the number of division
points z,, and, hence, the number of terms in expansions (12) should be rather large. As the calculations showed,
for M = 200 and a uniform grid chosen over the interval z € [0,2L] with a step L/40, the relative calculation error
is within 3%. The time step was chosen equal to 73 = 1 sec, and a uniform grid with a step L/15 was chosen
over the interval (2L,10L). The calculation accuracy was verified by reducing the intervals over the time and the
z coordinate, and also by doubling the integration interval. Sums (12) were calculated by the Fejér method [5].

Analysis of Results and Conclusions. The problem was numerically analyzed for the “steel-steel”
friction pair (E; = 2-10° MPa, v; = 0.3, \; = 50 W/(m-K), and k; = 0.125 - 10~* m?/sec) with the following
values of the governing parameters: h, = 10 kW/(m?-K), f = 0.1, 71 = 72 = 20 m~ !, a; = 3.5 cm, ag = 5 cm,
az = 6 cm, a; = (1-15) - 107% K~!, and ap = 12-107°% K~!. In this case, conditions (11) are satisfied in the
separation zone, and the thermal conductivity coefficient in the loaded contact zone is h, = 0.5h,. The load applied
to the surface r = ay and the relative angular velocity of revolution vary according to the laws

@2(2,7) = g5t (2)(1 —exp (=f7)),  w(7T) = wo;

02(2,7) = gst(2),  w(T) =wo(l —exp (—f7)),
where qg(2) = qoH (L — |2|). Here, go = 20 MPa, wy = 0-2 rad/sec, 3 = 0.01 sec™!, and L = 0.1 m. As was noted
above, the surface r = a; is free of the load.

Below, we report some results of a numerical analysis of the problem. Figure 1 shows the distribution of
the stationary contact pressure. Depending on the relation between the linear thermal expansion coefficients of the
cylinders, three interaction mechanisms are possible:

— If a3 < a9, then the cylinders contact each other in a restricted region in the case of a simply connected
region of loading;

— If a1 = g, then the loaded contact region is multiply connected;

— If a1 > a9, then the cylinders contact each other over their entire surface area.

It should be noted here that an increase in heat-release intensity due to increasing wg causes a decrease in
the contact area and in the contact pressure if oy < . Alternatively, if a; > ao, then an increase in wq results in
an increase in pgt(z). The range of wy > 0 is bounded by some critical value we, [1].
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Psty MPa

1
20

2 5

3

4
10

2
1

0 0.1 zZ, m 0.2

Fig. 1. Distributions of stationary contact pressure for different values of oy (a2 = 12 - 1078 K1
and wo = 1 rad/sec): oy = 15-107° (1), 12-107° (2), 9-107° (3), and 6-107° K~' (4); curve 5
refer to the contact pressure in elastic interaction (wo = 0).

Pst>, MPa
1

20

10

0 0.1 z, m 0.2 0 0.05 Z, m 0.10
Fig. 2 Fig. 3

Fig. 2. Distributions of stationary contact pressure in the approximate (dashed curves) and refined
(solid curves) formulations of the problem: curves 1 and 2 refer to a; = 15-107% and 6-107% K1,
respectively; curves 3 refer to the contact pressure during elastic interaction.

Fig. 3. Distributions of stationary temperature on the surface r = ag for a1 = 15 -107% (1),
12-107%(2),9-107° (3), and 6-107% K~ (4); the solid curves show the refined formulation of the
problem; the dashed curves refer to the approximate formulation of the problem.

For comparison, the dashed curves in Fig. 2 show the distributions of contact pressure calculated under the
assumption that the cylinder are in intimate contact [1]. As it could be expected, the curves of contact pressure
obtained for a; = 15-107% K~! in the approximate and refined (with allowance for separation) formulations
coincide. An insignificant difference between the contact-pressure distributions obtained for the elastic interaction
in the approximate and refined formulations can be attributed to the fact that the tribosystem here is self-balanced,
i.e., unlike classical contact problems, there is no integral condition of equality of sums of contact stresses to the
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p, MPa b

20F —— ==

10
5
= 4 3
0 0.1 Z, m 0.2 0 0.2
Fig. 4. Distributions of pressure in the stationary formulation of the problem (dashed curves) and distri-
butions of nonstationary contact pressure (solid curves) under varied load (a) and under varied angular
velocity of revolution (b): 7 = 0 (1), 50 (2), 100 (3), 200 (4), and 400 sec (4) (a1 = 15-107% K71,
a2 =12-107 K™ and wo =1 rad/sec).
p, MIla a p, MIla b
1
15 15
2
3
5 4
10
3
5F 2 5F
0 0.05 0.10 z, m 0 0.05 0.10 z, m

Fig. 5. Distributions of pressure in the stationary formulation of the problem (dashed curves) and dis-
tributions of nonstationary contact pressure (solid curves) at various times 7 for aq = 6 - 107 K~* and
s =12-107% K! (notation the same as in Fig. 4.)

pressing force in the problem under consideration. The difference between the distributions pg(z) obtained in the
approximate and refined formulations for a; = 6-107% K~! can be attributed to the variation of thermal boundary
conditions in the separation zone.

The difference in the thermal boundary conditions in the separation zone is also responsible for the behavior
of temperature distributions on the surface r = ag in the approximate and refined formulations (Fig. 3). Curves 14
in Fig. 3 are plotted for the conditions of Fig. 1; the upper and lower curve in each group refer to the inner and
outer cylinders, respectively.
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Fig. 6. Distributions of stationary temperature (curves drawn through
crosses) and distributions of nonstationary temperature for 7 = 50 (1),
100 (2), 200 (3), 400 (4), and 600 sec (5) (a1 = g = 12-107°% K™1);
the solid and dashed curves refer to for time-dependent w and load,
respectively.

An examination of the solution of the quasi-static problem shows that, provided that the condition wy < we, is
fulfilled, the contact stress monotonically reaches the corresponding stationary value, and its behavior is determined
by the chosen time dependences of the load and angular velocity of revolution. In the first case (time-dependent
load), the contact area (for oy < ag) remains unchanged (Fig. 4a), whereas in the second case it monotonically
decreases (Fig. 4b). For a; > as, the effect of multiple connectedness of the contact region is manifested as the
contact stresses reach the steady value (complete contact).

Figures 4 and 5 shows the distributions of contact pressure during nonstationary heat release caused by the
variation of the load and angular velocity of revolution in time. In both cases, the load and the angular velocity
of revolution, whose values reach a stationary value during the time 7 = 450 sec, determine the duration of the
transient process for contact stresses of the order of 600-700 sec.

The temperature of the contact surface reaches a stationary value more slowly (approximately in 800 sec),
and the duration of the transient process increases with distance from the surface r = ag. Figure 6 shows the
distributions of temperature over the surface r = ag for each cylinder, which were obtained that the cylinders have
identical linear thermal expansion coefficients. The upper and lower curves in each group refer to j =1 and j = 2,
respectively.

Generally speaking, in problems where separation is possible, conditions of an imperfect thermal contact
should be set at the interface between the layers. In this case, in view of complexity of determination of the
thermal conductivity coefficients in each zone, it is reasonable to introduce one averaged coefficient. In other words,
mixed mechanical conditions are set at the interface, and one thermal condition is specified over the entire surface.
A numerical analysis of the problem performed for this case showed that, provided that the averaged thermal
conductivity coefficient of the contact surface coincides with the thermal conductivity coefficient of the loaded
contact zone, the contact stresses differ from the stresses obtained under mixed thermal conditions within 1%, and
the character of the difference between the thermoelastic contact stresses obtained in the approximate and refined
formulations is similar to the case of elastic interaction (curve 3 in Fig. 2).

722



REFERENCES

1. D. V. Grilitskii and P. P. Krasnyuk, “Thermoelastic contact of two cylinders with nonstationary frictional heat
formation,” J. Appl. Mech. Tech. Phys., 38, No. 3, 428436 (1997).

2. M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical
Tables, John Wiley and Sons, New York (1972).

3. V. M. Aleksandrov and E. V. Kovalenko, Problems in Continuum Media with Mized Boundary Conditions [in
Russian], Nauka, Moscow (1986).

4. C. J. Tranter, Integral Transforms in Mathematical Physics, Wiley, London, New York (1966).

5. G. A. Korn and T. M. Korn, Mathematical Handbook for Scientists and Engineers, McGraw-Hill, New York

(1961).

. G. Szegd, Orthogonal Polynomials, Amer. Math. Soc. Colloquium Publications (1959).

. G. Ya. Popov, Contact Problems for a Linearly Deformable Base [in Russian|, Vyshcha Shkola, Kiev (1982).

. V. L Krylov and L. T. Shul’gina, Reference Book on Numerical Integration [in Russian], Nauka, Moscow (1966).

. O. C. Zienkiewicz and K. Morgan, Finite Elements and Approximation, J. Wiley and Sons, New York (1983).

© 00 O

723



